Abstract. We prove that every transitive and non minimal semigroup with dense minimal points is sensitive. When the system is almost open, we obtain a generalization of this result.
Introduction.
The dynamical system that we will to consider is formally defined as a triplet (S, X, π) wehere S is a topological semigroup and π : S × X → X is a continuous function with π(ψ 1 , π(ψ 2 , x)) = π(ψ 1 ψ 2 , x) for all ψ 1 , ψ 2 ∈ S and for all x ∈ X and X is a metric space. To simplify we will denote the triplet (S, X, π) as (X, S) and we write: ψ(x) = π(s, x) . Without loss of generality it is possible to associate each element of S to a continuous function ψ : X → X. When S = {f n }, with f : X → X, the dynamical system is called cascade, and we use the standard notation: (X, f ). Devaney defines a function to be chaotic if it satisfies three conditions: transitivity, having dense set of periodic points and sensitive dependence on initial conditions. In [BBCDS] it was proved that the two first conditions imply the last condition. This result was generalized in [AAK] , changing density of periodic points to density of minimal points. In [G] this result was generalized when S is a group, in [KM] was generalized to C-semi groups and in [D] for a continuous semi-flow and X a Polish space. The goal of this paper is to generalize the result in [KM] , giving a very simple prove.
1.1. Basic definitions. Let (X, S) be a dynamical system. For any x ∈ X we define the orbit of x as O(x) = {ψ(x) : ψ ∈ S}. A non-empty set Y ⊂ X, is minimal if O(y) = Y for any y ∈ Y . A point x ∈ X is minimal if the set O(x) is a compact set and minimal. We denote the set of minimal points as M.
The system (X, S) is point transitive (PT) if there exists x ∈ X such that O(x) = X, it is topologically transitive (TT) if given two opene (= open and nomempty) sets U, V ⊂ X there exists ψ ∈ S such that ψ(U ) ∩ V = ∅ and it is densely point transitive (DPT) if there exists a dense set Y ⊂ X of transitive points. Denote by T rans(X) the set of transitive points. If X is a Polish space (i.e. separable and complete ) then TT implies DPT. We say that the system (X, S) is sensitive if there exists ε > 0 such that for all x ∈ X and for all δ > 0 there exists y ∈ B(x, δ) and ψ ∈ S such that d(ψ(x), ψ(y)) > ε. We will now state our main result: Theorem 1.1. Assume (X, S) DPT, non-minimal and that M is dense. Then (X, S) is sensitive.
We say that s ∈ S is almost open if int(sU ) (int(W ) denote interior of W) is nonempty whenever U is opene. The system (X, S) is almost open if ψ is almost open for any ψ ∈ S. The almost open systems include systems whose elements are open functions or homeomorphisms. When X is a manifold and the elements of the system are C 1 functions, the set of critical points can be non-empty interior. But in this case, an open set can not be mapped at a point.
When the system is almost open we obtain a generalization of the Teorema 1.1. It is also a slight generalization of [GRSS, Theorem 3.1] .
Denote by
In section 3 we construct an example that shows that the above result does not longer hold without the hypothesis that (X, S) is almost open.
2. Proof of Theorems 1.1 and 1.2.
2.1. Proof of Theorem 1.1. For the prove of the theorem we need the following lemma Lemma 2.1. Let x be a minimal point and U x a neighbourhood of x. Then there exist ψ 1 , ..., ψ n0 ∈ S such that for all z ∈ O(x) there exists i ∈ {1, ..., n 0 } with
Proof. As x is a minimal point, given z ∈ O(x) there exist ψ z ∈ S such that ψ z (z) ∈ U x . By continuity of ψ z there exists a neighbourhood V z of z such that
Then, the functions ψ z1 , ..., ψ zn 0 satisfy the lemma.
Proof of Theorem 1.1: As the system (X, S) is non-minimal and M is dense there exists M 1 and M 2 minimal sets with M 1 ∩M 2 = ∅. Let 8δ = d(M 1 , M 2 ). We will show that the system (X, S) has sensitive dependence on initial conditions with sensitivity constant δ. Let x ∈ X and U x a neighbourhood of x with U x ⊂ B(x, 2δ).
As M is dense there exists y ∈ M∩U x with B(y, δ) ⊂ B(x, 2δ). By Lemma 2.1 there exist ψ 1 , ..., ψ n0 ∈ S such that for all z ∈ O(y) there exists i ∈ {1, ..., n 0 } with ψ i (z) ∈ B(y, δ). Let W a neighbourhood of M 1 such that dist(ψ i (W ), B(x, 2δ)) ≥ δ for any i ∈ {1, ..., n 0 }.
As the system (X, S) is DPT then there exists a transitive point w with w ∈ U x . Then there exists ϕ ∈ S such that ϕ(w) ∈ W . Let i ∈ {1, ..., n 0 } such that ψ i ϕ(y) ∈ B(y, δ) ⊂ B(x, 2δ). As
If X is a Polish space and TT then the system is DPT. The Lemma 2.2 (prove below) shows that PT and M dense implies TT, so we obtain the following corollary Corollary 1. Given an almost open, PT, non-minimal system (X, S) on a metric space (X, d) with X Polish. If M is dense then (X, S) is sensitive.
Lemma 2.2. Assume (X, S) PT and M dense. Then (X, S) is TT.
Proof. Let U an V open sets and z ∈ X such that O(z) = X. Then there exist ϕ, ψ ∈ S and W z a neighbourhood of z such that ϕ(W z ) ⊂ U and ψ(W z ) ⊂ V . As M is dense there exists y ∈ M ∩ W z . Then ϕ(y) ∈ U and ψ(y) ∈ V . As y is a minimal point then there exists ψ 1 ∈ S such that ψ 1 ϕ(y) is close enough to ψ(y) so that ψ 1 ϕ(y) ∈ V . Then ψ 1 (U ) ∩ V = ∅.
2.2. Proof of Theorem 1.2. Note that M is a disjoint union of minimal set. The prove will be divided into two cases. Case (a): M is a minimal set M . Let x 0 ∈ X \ M be and 4δ = d(x 0 , M ). We will show that the system (X, S) has sensitive dependence on initial conditions with sensitivity constant δ.
Let x ∈ X and U be an open set with x ∈ U . As M −1 is dense there exists y ∈ U and ψ ∈ S such that ψ(y) ∈ M . Let W y be a neighborhood of y,
Since the system (X, S) is almost open, there exists a open set V ⊂ ψ(W y ). As the system is DPT there exists w ∈ V ∩ T rans(X). Note that w = ψ(z) for some z ∈ W y ⊂ U . Since w ∈ T rans(X) there exist φ ∈ S such that φ(w) = φψ(z) ∈ B(x 0 , δ). As φψ(y) ∈ M , then we have that y, z ∈ U and d(φψ(y), φψ(z)) ≥ δ.
x ∈ X and U be an open set with x ∈ U . As M −1 is dense there exist y ∈ U , ψ ∈ S and M minimal set such that ψ(y) ∈ M . Note that
Given B(ψ(y), δ), by Lemma 2.1 there exist ψ 1 , ..., ψ n0 ∈ S such that for all z ∈ O(ψ(y)) there exists i ∈ {1, ..., n 0 } with ψ i (z) ∈ B(ψ(y), δ). Let W a neighbourhood of M 1 such that dist(ψ i (W ), B(ψ(y), δ)) ≥ 2δ for any i ∈ {1, ..., n 0 }.
Let W y be a neighborhood of y, W y ⊂ U , such that ψ(W y )) ⊂ B(ψ(y), δ). Since the system (X, S) is almost open, there exists a open set V ⊂ ψ(W y ). As the system is DPT, there exists w ∈ V ∩ T rans(X). Note that w = ψ(z) for some z ∈ W y ⊂ U . Since w ∈ T rans(X) there exist φ ∈ S such that φ(w) = φψ(z) ∈ W . Let i ∈ {1, ..., n 0 } be such that ψ i φψ(y) ∈ B(ψ(y), δ). As ψ i φψ(z) ∈ ψ i (W ) and dist(ψ i (W ), B(ψ(y), δ)) ≥ 2δ, then d(ψ i φψ(z), ψ i φψ(y)) ≥ δ and we are done.
Example .
Let f 1 , f 2 , f 3 : [0, 1] → [0, 1] be as in Figure 1 and S the semigroup generated by f 1 , f 2 and f 3 . Given ψ ∈ S let A ψ = {x ∈ (0, 1) : there exists ψ ′ (x)}. Note that A c ψ is a finite set. As f 3 | [0,
. it is not hard to prove that, for any ψ ∈ S and x ∈ A ψ ∩ ( 1 2 , 1), ψ ′ (x) < 1 (see [IP] ) . Let I ⊂ ( 
